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Abstract
In this paper we proposed to use the group of analysis of symmetries of the dynamical system
to describe the evolution of the Universe. This methods is used in searching for the unknown
equation of state. It is shown that group of symmetries enforce the form of the equation of state
for noninteracting scaling multifluids. We showed that symmetries give rise the equation of state
in the form p = −Λ+w1ρ(a)+w2a
β +0 and energy density ρ = Λ+ ρ01a
−3(1+w)+ ρ02a
β + ρ03a
−3,
which is commonly used in cosmology. The FRWmodel filled with scaling fluid (called homological)
is confronted with the observations of distant type Ia supernovae. We found the class of model
parameters admissible by the statistical analysis of SNIa data. We showed that the model with
scaling fluid fits well to supernovae data. We found that Ωm,0 ≃ 0.4 and n ≃ −1 (β = −3n),
which can correspond to (hyper) phantom fluid, and to a high density universe. However if we
assume prior that Ωm,0 = 0.3 then the favoured model is close to concordance ΛCDM model. Our
results predict that in the considered model with scaling fluids distant type Ia supernovae should be
brighter than in ΛCDM model, while intermediate distant SNIa should be fainter than in ΛCDM
model. We also investigate whether the model with scaling fluid is actually preferred by data over
ΛCDM model. As a result we find from the Akaike model selection criterion prefers the model
with noninteracting scaling fluid.
PACS numbers:
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I. INTRODUCTION
While the structure of space-time is governed by the field equations the physical properties
of matter, introduced via energy-momentum tensor, is take from other parts of physics.
Mathematically, one proceeds in an analogous way to that adopted by Newton who
defined a dual geometric-physical concept of mass-point. In General Relativity one defines
particles as curves in space-time and ascribes to them physical quantities such as density and
pressure. The particle of the rest-mass m is defined as a future directed curve γ : I →M in
a space-time M , such that g(γ∗, γ∗) = −m
2. The tangent vector γ∗ is the energy-momentum
vector of the particle. Then, a particle flow of rest-mass m is defined to be a pair (~P , η)
where η is a function η : M → [0,∞) called the world density, and ~P is the energy-momentum
vector field ~P : M → T (M) such that each integral curve of ~P is a particle of rest-mass m.
The energy-momentum tensor of particle flow (~P , η) is tensor T = η ~P ⊗ ~P ; and pressure p,
understood as a function of M , enters it through ~P (for detailed formalism see [1, 2]). Mc
Crea [3] noticed many years ago that since matter is taken from outside of general relativity,
there are no a priori reasons why p should be non–negative. The only way how p should
be interpreted is through effects which it produces in a model. For example, p < 0 may
be interpreted as a quintessence matter [4] or dark energy due to the present Universe is
accelerating [5, 6].
Lie groups of symmetry play an important role in searching for new solutions but their
original field of fruitful applications remained hidden in the literature. This problem was
discussed by Stephani [7] in his introduction to the basic monograph on the application of
symmetry groups to general relativity. But this method is still obscure because many people
who used them implicitly simply were not aware of their existence [8, 9, 10, 11].
The equation of state also plays an important role in general relativity. As it is well known,
Einstein’s field equations, together with the Bianchi identities, form an undetermined system
of equations and one more equation, equation of state must be added. Einstein’s equations
completed by the equation of state satisfy certain symmetries which has structure of a group,
called a symmetry group (see [12, 13]). It is interesting that this procedure can be reversed
[13]. Collins applied the method of deriving form of the equation of state from symmetry
to the case of classical and relativistic stars to obtain the physically realistic equations of
state [13, 14]. This illustrate–to use Collin’s expressions–a subliminal role of mathematics
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in physical considerations which consists in suggesting correct physics on the ground of a
logical beauty (such as, for example, symmetry principles).
There are several interesting papers where the authors study symmetry transformations
under which the Einstein equation are invariant. They relate symmetry and inflation [8,
9, 15] however the Lie group of symmetries is not used in analysis of the FRW equation.
The investigation of Lie symmetries of General Relativity and cosmology and the origin of
dynamical systems in the context of casual viscous fluid and the cosmology with variable
constants can also be found interesting. For a cosmological models with bulk viscosity idea
of renormalisation group is also presented to study some scaling properties of the model
[10, 11].
Because the Einstein equation constitute very complicated system of nonlinear partial
differential equation it is not easy to obtain an exact solution. However, one can assume
self-similarity symmetry and then due to this simplified assumption Einstein field equation
with spherical symmetry can be reduced to the form ordinary differential equations i.e. a
dynamical system. Therefore the assumption of self-similarity symetry is very useful in the
problem of finding exact solutions in nonhomogeneous case (see [16, 17]). The self-similar
solutions play especially important roles in the cosmological applications or description of
gravitational collapse. It is the consequence of the fact that they describe asymptotic be-
haviour of more general solutions. The idea that spherical symmetric fluctuations might
naturally evolve toward self-similar form is known as as the similarity hypothesis [18].
A very interesting result was founded by Harada and Maeda [19]. They proved numer-
ically that self-similar solution acts as an attractor in the phase space for spherically sym-
metric collapse of perfect fluid. In the context of gravitational collapse self-similar solution
has been also studied from the points of view of critical phenomena [20].
The self-similar solutions also play an important role in the contemporary context of dark
energy. The scaling solutions in the context of ”cosmic coincidence conundrum” were also
considered in [25]. It is demonstrated in many papers that there exists a stationary scaling
solution in this problem which is representing a stable attractor at late times [17, 21, 22, 23,
24]. Among the class of solutions, the global atractor solutions are of the greatest interest
from the physical point of view. They usually constitute scaling type of solutions which can
explain why energy densities of dark energy and matter at present epoch are of the same
order of magnitude [26, 27, 28].
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Our main idea is to use the concept of self-similarity to the derivation of the form of
equation of state. They reproduce themselves as the scale changes. This methodology was
already used by Ellis and Buchert in context of problem of gravitational entropy [29].
To determine the structure and the dynamics of astrophysical systems as well as the
Universe, the equation of state is usually necessary. Let us consider, for example, the
structure of a spherical neutron star. Then if the pressure p is known as a function of the
density ρ, we can determine the gravitational mass M and the radius R of the star as a
function of the central density ρc by solving the Oppenheimer-Volkoff equation. This means
that we can determine in principle the mass-radius relation M(R) theoretically. In similar
way if the dependence between total pressure and total energy density of the Universe is
postulated then we can integrate the Friedmann equation [30]. However, the equation of
state relevant to the neutron star or the Universe is not established yet, although it may
be determined in the near future. Let us note that for the Universe the form of equation
of state is not theoretically known at present but from observations of SNIa data it may be
reconstructed in the SNAP3. [84].
In our paper the form of the equation of state is not postulated a priori but it is derived
from the existence of scaling solutions. The existence of scaling solutions is equivalent the
existence of a corresponding symmetry group (similarity group) of the basic differential
equations. It is just discussed by us the type of symmetry of dynamical equations. Our
philosophy is to assume the existence of scaling solutions instead of postulated a priori any
prescribed form of the equation of state.
We use Lie symmetries to determine the dependence of energy density on the scale factor.
Of course if we assume the exact form of the equation of state for example for phantoms
then it is easy to obtain the exact form of ρeff(a) for the adiabatic condition.
In physical applications the important role is played by the scaling solutions, they are also
called self-similar, homological etc. The physical properties of such solutions are important
in many branches of physics [15, 31, 32]. They can be found in the exact form or can be
analysed by using the dynamical system methods. Then invariants of self-similarity groups
are a good choice for a variable to parameterise a system.
A natural question is whether the cosmological model filled by scaling fluid is actually
preferred by the data over concordance ΛCDM model. This problem can be investigated
by using the Akaike (AIC) and Bayesian (BIC) informative criterion. We find that AIC
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favoured FRW model with scaling fluid relative to ΛCDM model.
In the present paper we pursue Collins’ way of thinking [13, 14] applying it to the field of
cosmology. In section 2 we outlined the theory of symmetry groups of differential equations,
then we showed that cosmological equations, together with a suitable equation of state
admit a certain Lie group of symmetries or, vice versa, the invariance of equations with
respect to a given symmetry group singles out corresponding equation of state. In sections
3-4 we showed this for Friedmann models with matter in the form of perfect fluid and
effective cosmological constant, respectively. In section 5 and 6 we confronted data obtained
theoretically from symmetry equation of state with recently available SNIa data. In section
7 we briefly commented on the obtained results.
II. SYMMETRY GROUP OF A SYSTEM OF DIFFERENTIAL EQUATIONS.
Let us consider, in a Euclidean space EN(x, u), x = (x1, . . . , xn), u = (u1, . . . , um), n +
m = N , the system of differential equations
pα = fα(x, u), α = (1, . . . , m), pα =
∂uα
∂x
(1)
and point-point transformations
T :

 x¯ = x¯(x, u),u¯α = u¯α(x, u), (2)
which map each solution of system (1) into a solution of the same system. T is a Lie group.
(All these considerations may be easily generalised to the case when differential equations
are defined on a N -dimensional differential manifold; see [7, 34]).
Let M : u = uα(x) be a solution of (1). M defines a submanifold in EN ; if M¯ ≡ T (M)
we have
M :

 x¯ = x¯(x, u(x)),u¯α = u¯α(x, u(x)), (3)
The derivatives pα = ∂u
α
∂x
and p¯α = ∂u¯
α
∂x¯
satisfy the condition
p¯αDx¯ = Du¯α, (4)
where D = ∂
∂x
+pα ∂
∂uα
. By solving (4) we obtain p¯α = p¯α(x, u, p). By joining these solutions
to transformations T , one gets a new set of transformations T˜ which is called “extension of
T to the first derivatives”.
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If the infinitesimal operator of the group T has the form
X = ξ(x, u)
∂
∂x
+ ηα(x, u)
∂
∂uα
(5)
then that the group T˜ is
X˜ = X + (Dηβ − pβDξ)
∂
∂pβ
(6)
Function F defined on E˜N(x, u, p), which are preserved under transformations T˜ , are called
invariants of the group T ; they satisfy differential equations
X˜(F) = 0 (7)
and, vice versa, functions satisfying (7) are invariants of the group generated by X .
Now, we may apply equations (7) to our original equations (1) to obtain
X˜(pα − fα(x, u)) = 0 (8)
Putting (6) into (8) and taking into account pα = fα(x, u), we get
∂ηα
∂x
+
∂ηα
∂uβ
fβ −
∂ξ
∂x
fα −
∂ξ
∂uβ
fβfα = ξ
∂fα
∂x
+ ηβ
∂fα
∂uβ
, α, β = (1, . . . , m). (9)
III. THE GROUP SYMMETRY OF EINSTEIN EQUATIONS WITH THE PER-
FECT FLUID ENERGY-MOMENTUM TENSOR.
The problem of group properties of vacuum Einstein equations has been investigated
by Ibragimov (1983) [33]. In this case we obtain one parameter group of rescalings of
the metric gij → αgij together with infinite group of coordinate transformations from the
maximal group of point transformations admitted by vacuum Einstein equations Rik =
0; i, k = 0, 1, 2, 3. We shall investigate symmetries of Einstein equations:
Rik = Tik −
1
2
Tgik i, k = 0, 1, 2, 3 (10)
We assume that Tik is the perfect fluid energy-momentum tensor. We choose the comoving
coordinate system i.e. ui = δ0i.
Then we have:
Tik = (ρ+ p)δ0iδ0k − pgik
T = ρ− 3p, (11)
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where p = p(ρ).
We assume that Einstein equations (10) with energy-momentum tensor (11) possesses the
same symmetries as corresponding vacuum equations. We shall look the form of equation of
state enforced by symmetries of the vacuum Einstein’s equations. Infinitesimal operator of
the Lie group symmetry acting in the set of Einstein equations can be written in the form:
X˜ = ξi(x)
∂
∂xi
+ ηij(x, ρ)
∂
∂gij
+ θ(x, g, ρ)
∂
∂ρ
. (12)
where θ can be derived from the condition for operator (12) to be admissible operator of
equation (9). This condition is the following:
X˜2[Rik − Tik +
1
2
Tgik] = 0. (13)
The operator X˜2 is the extension of X˜ to the second derivatives:
X˜2 = X2 + θ
∂
∂ρ
X˜2 = X˜ + ξijk
∂
∂gij,k
+ ξijkl
∂
∂gij,kl
X˜2[Rik] = 0 (14)
It was demonstrated that symmetries of the vacuum Einstein equations enforce the equation
of state p = const+wρ (w = const) if we postulate that the source of gravity is given in the
form of perfect fluid [35].
IV. SYMMETRY GROUP OF FRIEDMANN EQUATIONS
Equation (9) gives us the conditions of the existence of the operator symmetry X for the
system (1). Algebra of these operators characterises the symmetry of the group T symmetry
of system (1).
In the following part we shall consider symmetry of autonomous dynamical systems for
which x˙α = fα(x) (a dot denotes the differentiation with respect to the parameter u),
∂fα
∂x
= 0 and infinitesimal transformations are generated by X = ξ(x) ∂
∂x
+ ηα(u) ∂
∂uα
. In this
case (9) simplify to the form
∂ηα
∂uβ
fβ −
∂ξ
∂x
fα = ηβ
∂fα
∂uβ
(15)
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The Friedmann equations may be written in the form of autonomous dynamical system on
the plane (a, ρ)
a˙ ≡
da
dt
=
√
ρa2
3
− k +
Λa2
3
= f 1(a, ρ)
ρ˙ ≡
dρ
dt
= −
3
a
√
ρa2
3
− k +
Λa2
3
(ρ+ p(ρ, a)) = f 2(a, ρ) (16)
where a– is a scale factor, ρ– energy density, k– curvature index, Λ– cosmological constant.
The set of basic dynamical equations is called the Friedmann dynamical system. If we
assume that the operator of infinitesimal transformation of symmetry for system (16) is of
the form
X = ξ(t)
∂
∂t
+ η1(a)
∂
∂a
+ η2(ρ)
∂
∂ρ
(17)
then equations (15) can be reduced to
dη1
da
(a)−
dξ
dt
= X(ln f 1) =
η1
f 1
∂f 1
∂a
+
η2
f 1
∂f 1
∂ρ
dη2
dρ
(ρ)−
dξ
dt
= X(ln f 2) =
η1
f 2
∂f 2
∂a
+
η2
f 2
∂f 2
∂ρ
(18)
Let us concentrate now (without lose of degree of generalisation) on the special case of the
FRW, namely the flat model without cosmological constant. Then equations (16) reduces
to
da
dt
= aE
dE
dt
= −
1
2
(3E2 + p(a, E)) (19)
where E =
√
ρ/3 is redefined energy density, p is a pressure as an unknown function of scale
factor. Let us assume that equations (19) admit the special symmetry of the operator for
quasi-homology,i.e.
X = ξ(t)
∂
∂t
+ η1(a)
∂
∂a
+ η2(E)
∂
∂E
(20)
Then from equations (18) we obtain
dη1(a)
da
−
dξ(t)
dt
=
η1(a)
a
+
η2(E)
E
(21)
dη2(E)
dE
−
dξ
dt
=
1
3E2 + p(a, E)
(
η1(a)
∂
∂a
+ (6E +
∂p
∂E
)η2(E)
)
(22)
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¿From (21) we have that
η1 = Aa, η2 = DE, ξ(t) = Bt (23)
where A,D,B are constants which satisfying the constraint condition:
D = −B (24)
After substitution (23) and (24) into the equation (22) we obtain partial differential equation
determining p = p(a, E)
2Dp = Aa
∂p
∂a
+DE
∂p
∂E
(25)
The solutions of equation (25) determine the form of the equation of state required by the
condition of quasi-similarity (quasi-homology). The condition for the existence of quasi-
homological type of symmetry reduces to corresponding condition for existence of homolog-
ical symmetry and then p must satisfy (25).
Let us consider now some special solutions of (25). If p = p(E) only then p ∝ E2 = ρ,
while if p = p(a) only then p(a) ∝ a
2D
A . It is easy to find the general solution of (25) by
using the standard characteristic methods. Then we obtain
φ = φ(J1, J2) = φ
(
E2
p
,
a
2D
A
p
)
= 0 (26)
is the solution of eq. (25), where φ ∈ C1, and J1, J2 are its invariants.
There is equivalent form of the solution (26) in which the pressure can be given in the
exact form, namely
p = E2g
(
a
2D
A
E2
)
(27)
or g(x) ∝ x where g is any function of class C1. If we substitute g(x) = const in eq. (27),
then mentioned before special cases of p can be simply recovered. Therefore eq. (27) gives
the most general form of the equation of state for the Universe to be self invariant or
homological. In this case we can find a strict analogy to stars [13, 14]. One should notice
that the formulae (27) contains for example the following form of the equation of state
p = −Λ + C1ρ(a) + C2a
2D
A (28)
which is crucial for our further investigations.
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We can find that eq. (28) describes the pressure of noninteracting multifluids components.
Then from the conservation condition postulating for each component we obtain ρ = Λ +
ρ01a
−3(1+C1) + ρ03a
−3 + ρ02a
2D
A , where Λ, ρ01, ρ02, ρ03 are constants. Note that in the
special case of 2D
A
= −3 equation (28) and conservation condition give rise to new type of
contribution −(3ρ02 ln a)a
−3 instead ρ02a
2D
A . It corresponds to MOND phase squeezing in
FRW scenario [36]. To obtain the form of equation of state (28) it is sufficiently to choose
g(x) = −3 + C1 + C2x. Then from equations (23) the finite transformations can be simply
obtain for this case, namely
a→ a¯ = aeAτ
E → E¯ = EeDτ
t→ t¯ = te−Dτ , τ ∈ R1 (29)
One can check that the invariant a−
2D
A p is really preserved under the action of the homolog-
ical transformation, i.e.
a
2D
A p(a, E) = a
2D
A p(a, E) (30)
The equation of state given by (27) assumes very general form. Their existence can be
closely associated with the real equation of state for quintessence matter. Let us note that
equation (28) contains not only standard term of the equation of state p ∝ ρ, but also
the cosmological constant with a constant part and a part depending on the scale factor a.
In the special case if D = −A we recover the form of the effective cosmological constant
distinguished by a maximum of the amplitude for the tunnelling Gamov process [37]. In
the general case in the parameterisation of the cosmological term it is usually assumed the
power law form of Λ(a) dependence which is also suggested from symmetry consideration
[38].
Note that homological transformations are strictly related to dimensional analysis. The
existence of such kind symmetry means that equation can be simply expressed in the di-
mensionless form. Therefore for each component of the fluid one can define dimensionless
density parameters which contain basic Friedmann equation.
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V. EQUATION OF STATE PARAMETER FROM DISTANT SUPERNOVAE OB-
SERVATIONS.
In this section we confront FRW cosmological model filled with homological fluid (which
equation of state was previously suggested from symmetry arguments) with observations of
distant supernovae type Ia. These interpreted observations in the framework FRW model
indicate that our universe is presently accelerating due to unknown form of matter called
dark energy with negative pressure [39, 40].There are different candidates for dark energy
which was tested from SNIa observations [41, 42, 43, 44, 45, 46]
The most popular candidate is cosmological constant which can be treated as a per-
fect fluid for which p = −ρ and ρ = Λ. Although cosmological constant explains ob-
servations of SNIa we don’t understand why the observed value of cosmological constant
( Λ
8piG
∼ 10−47GeV 4) is so small in comparison with its natural theoretical expectations from
quantum field theory ∼ 1071GeV 4. According to this theory,the energy–momentum tensor
of the vacuum is nonvanishing and < Tµν >=< ρ > gµν . Therefore the observed cosmologi-
cal constant term is Λ = λ + 8πG < ρ > where λ is the “bare” cosmological constant. Our
naive intuitions is that < ρ >≈ M4Pl while upper bound on the present value of Λ (referred
as Λ0) can be given in term of Hubble’s constant H0
|Λ0|/8πG ≤ 10
−29g/cm3 ≃ 10−47GeV 4
The idea that cosmological constant is the sum of two terms λ and 8πGρvac is proposed as
a method of explaining the observed small value of Λ which might had been large in the
early universe. The variable Λ models (or a decaying vacuum energy density) are described
in terms of two fluids mixture just like it was predicted from similarity analysis. In the
majority of the paper’s calculations ρV depends only on the cosmological time through the
scale factor ρV ∼ a
−2. The expression ρ(a) is obtained by using dimensional arguments
made in the spirit of quantum gravity [38] . We assume that we have a decaying vacuum
medium parameterised by scale factor in the power of law plus a noninteracting cosmological
constant term Λ. Additionally, we usually have baryonic matter satisfying the equation of
state p = 0. Hence the FRW equation in general case can be rearranged to the form giving
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the Hubble function H(z) = a˙/a
H2
H20
= Ωm,0
(
a
a0
)
−3
+ ΩC,0
(
a
a0
)
−3n
+ Ωk,0
(
a
a0
)
−2
+ Ωw,0
(
a
a0
)
−3(1+w)
+ ΩΛ,0 (31)
For a = a0 (the present value of scale factor) we obtain the following constraint
Ωm,0 + ΩC,0 + Ωk,0 + Ωw,0 + ΩΛ,0 = 1. (32)
Because of the constraint H2 ≥ 0 the space admissible for the motion should be restricted
to the region at which ρeff(a) ≥ 0. If some negative component of effective energy density
appears in ρeff(a) then it can never dominate at the early universe and at the late times.
If negative energy density scaling like a−m appears in such a way that 3H2 = Ωm,0a
−m −
Ωn,0a
−n + ΩΛ,0 (where n > m) then we have the case of bouncing cosmological models
[47, 48, 49]. In this model the relation ρeff(a) ≥ 0 is of course satisfied. In general the
violation of the strong energy condition (SEC) is a necessary (but not sufficient) condition for
the bounce to appear. The bouncing models can be characterised by the minimal condition
under which the present Universe arises from a bounce with a previous collapse phase (note
the reflectional symmetry of the basic equation H → −H) [47, 48]. In order if we have such
a situation that n < m, then negative term −Ωn,0a
−n cannot dominate late evolution and
therefore the scale factor should be bounded and an inverted bounce appears.
If the energy density is very large then quantum gravity corrections are important at both
the big-bang and big-rip singularities. The account of quantum effects leads to avoid not
only the initial singularity [50, 51] but also escape from the future singularity [52, 53, 54].
The idea of bounce in FRW cosmologies appeared in Tolman’s monograph devoted to
cosmology [55]. This idea was strictly connected with oscillating models [56, 57, 58]. At
present oscillating models play an important role in the brane cosmology [59, 60]. The FRW
universe undergoing a bounce instead of the big-bang is also an appealing idea in the context
of quantum cosmology [61]. The attractiveness of bouncing models comes from the fact that
they have no horizon problem and they explain quantum origin of structures in the Universe
[62, 63, 64]. Molina-Paris and Visser and later Tippett [47, 48] characterised the bouncing
models by the minimal condition under which the present universe arises from a bounce from
the previous collapse phase (the Tolman wormhole is different name for denoting such a type
of evolution). The violation of strong energy condition (SEC) is in general a necessary (but
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not sufficient) condition for bounce to appear. For closed models it is sufficient condition
and none of other energy condition need to be violated (like null energy condition (NEC):
ρ+ p ≥ 0, week energy condition (WEC): ρ ≥ 0 and ρ+ p ≥ 0, dominant energy condition
(DEC): ρ ≥ 0 and ρ± p ≥ 0 energy conditions can be satisfied).
We can find necessary and sufficient conditions for an evolutional path with a bounce by
analysing dynamics on the phase plane (a, a˙), where a is the scale factor and dot denotes
differentiation with respect to cosmological time. We understand the bounce as in [47, 48],
namely there must be some moment say t = tbounce in evolution of the universe at which the
size of the universe has a minimum, a˙bounce = 0 and a¨ ≥ 0. This weak inequality a¨ ≥ 0 is
enough for giving domains in the phase space occupied by trajectories with the bounce.
We understand the inverted bounce as the situation in which in some moment t = tbounce
in evolution of the universe the size of the universe has a maximum, a˙bounce = 0 and a¨bounce ≤
0.
For our aim we considered some version above model in which for simplicity we put Ωw,0.
If we rewrite this equation in z variable we obtain for the flat model that
H(z) = H0
√
Ωm,0(1 + z)3 + Ωλ,0 + (1− Ωm,0 − Ωλ,0)(1 + z)γ , (33)
where γ = 3n. Our further task is be to confront the “homological gas” or variable Λ fluid
with SNIa data and for this purpose we calculate the luminosity distance in a standard way
dL(z) = (1 + z)
∫ z
0
dz¯
H(z¯)
(34)
Further in this section we will use the flat FRW model since the evidence for this case is
very strong in the light of WMAP data [65]. Therefore while talking about model testing
we actually mean the estimation of both Ωλ,0 and γ parameters for the best fitted flat model
with homological gas. Specifically we have tested this cosmology with prior assumption
Ωm,0 = 0.3 and Ωm,0 = 0.05 as well as a model without prior assumption on Ωm,0.
To proceeded with fitting SNIa data we need magnitude-redshift relation
m(z,M,Ωm,0; Ωλ,0, γ) =M+ 5 log10DL(z,Ωm,0; Ωλ,0, γ) (35)
where:
DL(z,Ωm,0; Ωλ,0, γ) = H0dL(z,H0,Ωm,0; Ωλ,0, γ) (36)
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is the luminosity distance with H0 factored out, so that marginalisation over the intercept
M = M − 5 log10H0 + 25 (37)
leads actually to joint marginalisation H0 andM (M being the absolute magnitude of SNIa).
Then we can obtain the best fit model minimising the function χ2
χ2 =
∑
i
(mtheori −m
obs
i )
2
σ2i
(38)
where their sum is over the SNIa sample and σi denote the (full) statistical error of magnitude
determination. This is illustrated by figures of residuals (with respect to Einstein–de Sitter
model). One of the advantages of residual plots is that the intercept of the m–z curve gets
cancelled. The assumption that the intercept is the same for different cosmological models is
legitimate sinceM is actually determined from the low–redshift part of the Hubble diagram
which should be linear in all realistic cosmologies.
However, the best–fit values alone are not relevant if not supplemented with the confi-
dence levels for the parameters. Therefore, we performed the estimation of model parameters
using the minimisation procedure, based on the likelihood function. We assume that super-
novae measurements came with uncorrelated Gaussian errors and in this case the likelihood
function L could be determined from chi–square statistic L ∝ exp(−χ2/2) while probability
density function of cosmological parameters is derived from Bayes’s theorem [6].
Therefore, we supplement our analysis with confidence intervals in the (Ωλ,0, γ) plane by
calculating the marginal probability density functions
P(Ωλ,0, γ) ∝
∫
exp(−χ2(Ωm,0,Ωλ,0, γ,M)/2) dM (39)
with Ωm,0 fixed (Ωm,0 = 0.05, 0.3) and
P(Ωλ,0, γ) ∝
∫∫
exp(−χ2(Ωm,0,Ωλ,0, γ,M)/2) dΩm,0 dM (40)
without fixed Ωm,0, respectively (a proportionality sign equals up to the normalisation con-
stant). In order to complete the picture we have also derived one-dimensional probability
distribution functions for Ω obtained from joint marginalisation over γ and Ωλ,0. The max-
imum value of such a PDF informs us about the most probable value of Ω (supported by
supernovae data) within the full class of homological models.
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VI. SAMPLES USED
Supernovae surveys (published data) have already five years long history. Beginning with
first published samples [5, 6] other data sets have been produced either by correcting original
samples for systematics or by supplementing them with new supernovae (or both).
Because original Perlmutter et al. and Riess et al. samples [5, 6] were completed seven
years ago, presently the newer supernovae observations are used. Knop et al. [68] have
reexamined the Perlmutter sample with the host-galaxy extinction correctly applied. They
chose from the Perlmutter sample these supernovae which were the more securely spectrally
identified as type Ia and have reasonable colour measurements. They also included eleven
new high redshift supernovae and a well known sample with low redshift supernovae.
We have decided to test our model using this new sample of supernovae. They make
possible to distinguish a few subsets of supernovae from this sample. We consider two of
them. The first is a subset of 58 supernovae with corrected extinction (Knop subsample 6;
hereafter K6) and the second is that of 54 low extinction supernovae (Knop subsample 3;
hereafter K3). Samples C and K3 are similarly constructed as containing only low extinction
supernovae. The advantage of the Knop sample is that Knop’s discussion of extinction
correction was very careful and as a result his sample has extinction correctly applied.
Another sample was presented by Tonry et al. [71] who collected a large number of
supernovae data published by different authors and added eight new high redshift SN Ia.
This sample of 230 SN Ia was re-calibrated with a consistent zero point. Wherever possible
the extinction estimates and distance fitting were recalculated. Unfortunately, one was not
able to do so for the full sample (for details see Table 8 in Ref. [71]). This sample was
further improved by Barris et al. [66] who added 23 high redshift supernovae including 15
at z ≥ 0.7 thus doubling the published record of objects at these redshifts. Tonry et al. and
Barris et al. presented the data of redshifts and luminosity distances for their supernovae
sample. Therefore, Eqs. (35) and (37) should be modified appropriately [72]
m−M = 5 log10(DL)Tonry − 5 log10 65 + 25 (41)
and
M = −5 log10H0 + 25. (42)
For the Hubble constant H0 = 65 km s
−1 Mpc−1 one getsM = 15.935.
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Recently Riess et al. [70] significantly improved their former group sample. They discov-
ered 16 new type Ia Supernovae. It should be noted that 6 of these objects have z > 1.25
(out of total number of 7 object with so high redshifts). Moreover, they compiled a set of
previously observed SNIa relying on large, published samples, whenever possible, to reduce
systematic errors from differences in calibrations. The full Riess sample contains 186 SNIa
(“Silver” sample). On the base of quality of the spectroscopic and photometric record for
individual Supernovae, they also selected more restricted “Gold” sample of 157 Supernovae.
Riess et al.’s sample has been used by many researchers as a standard dataset. However,
for the sake of comparison and illustration we analysed also earlier Knop [68] sample of
supernovae. This seems to be useful because, as pointed out in the literature, studies
performed on different SNIa samples often gave different results (see for example [42, 44, 67]).
VII. CONSTRAINING EQUATION OF STATE FROM DISTANT SUPERNOVAE
In order to test the model we calculate the best fit with minimum χ2 as well as we esti-
mate the model parameters using the maximum likelihood method [6]. For both statistical
methods we took the parameter n in the interval [−3.33, 2], Ωm,0 in the interval [0, 1], ΩC,0
in the interval [−1, 1], while an interval for ΩΛ,0 is obtained from the equation (32).
We have tested the models in three different classes of models. At first we analysed the
data without any prior assumption about Ωm,0. In the second class we assumed that (2)
Ωm,0 = 0.05 while in the last class (3) we assumed that Ωm,0 = 0.3.
The second class was chosen as a representative of the standard knowledge of Ωm,0 (bary-
onic plus dark matter in galactic halos [4]. In the last class we have incorporated (at the level
of Ωm,0) the prior knowledge about baryonic content of the Universe (as inferred from the
BBN considerations). Hence this class is representative of the models in which non matter
component is responsible both for dark matter in halos and its diffuse part (dark energy).
It is interesting to compare this results with these obtained for the model with Λ = 0.
Such model is equivalent to Cardassian model [73]. Because this model was proposed as an
alternative to ΛCDM, it was immediately verified by SNIa observations [42, 74, 75]. However
now it is possible to perform more precise test of the models using the new Riess sample.
At first we have decided to test the our model (both for vanishing and not vanishing
cosmological constant) using Knop et al. [68] and Riess et al. [70] samples of supernovae.
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In all samples we marginalise over parameter M. It means that the Hubble parameter is
fitted from observations, too.
The results of two fitting procedures performed on different samples and with different
prior assumptions concerning the cosmological models are presented in (Table I). The de-
tailed results of our analysis for the flat model with vanishing cosmological constant are
summarised in Table II. This tables refers both to the χ2 (best fit) and results from maxi-
mum likelihood method. In both cases we obtained different values ofM for each analysed
sample. It should be noted that values obtained in both methods are different but differences
are much smaller for Riess et al. sample than in the case of older Knop et al. sample.
At first we analysed full model with not vanishing cosmological constant. For example,
with in the with the maximum likelihood method, first class of models gives values of the
parameter: Ωm,0 = 0.38, ΩC,0 = 0.64, ΩΛ,0 = 0.72, n = −2.10, for sample K6, while
Ωm,0 = 0.27, ΩC,0 = 0.01, ΩΛ,0 = 0.75, n = 0.00, for sample K3.
With the new Riess sample we obtain: Ωm,0 = 0.46, ΩC,0 = 0.40, ΩΛ,0 = 0.12, n = −1.10,
for Silver sample , while Ωm,0 = 0.44, ΩC,0 = 0.34, ΩΛ,0 = 0.20, n = −0.90, for Gold Sample.
This result mean that for Knop sample ΩC,0 part play only marginal role and the model is
very close to ΛCDM model. However with the new Riess sample we obtain that Ωm,0 ≃ 0.4
with n ≃ −1 which correspond to (hyper) phantom model. However if we assume Ωm,0 = 0.3
from independent extragalactic estimation [4], then ΩC,0 is small and n is close to zero, so
ΛCDM model is favoured.
On Fig. 1 we present residuals plots with respect to the Einstein-de Sitter model for
ΛCDM and our model. We observed that distant SNIa should be brighter (in our model)
than in the ΛCDM model. What is interesting is that the Hubble diagram for our model
(both for vanishing and non vanishing Λ) intersects the corresponding ΛCDM diagram. In
such a way, the supernovae on intermediate distant are fainter then expected in the ΛCDM
model. Please note that the Riess et al. sample contain only very few supernovae in the
intermediate distance, so this prediction should be tested with future supernovae sample
when more type Ia supernovae measurement in the intermediate distances will be available.
It should be noted that knowing the best-fit values alone have not enough scientific
relevance, if confidence levels for parameter intervals are not presented, too. Using the
minimisation procedure, based on the likelihood method we also carry out the errors of the
model parameters estimation. On the confidence level 68.3% we present parameter values for
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samples K6 and K3, Silver and Gold (Table III). The density distribution (one dimensional
PDF) for model parameters obtained by marginalisation over remaining parameters of the
model are presented in Fig. 2-5. Additionally the on the confidence level 68.3% and 95.4%
is marked on the figures.
Please note that both positive and negative values of ΩC,0 are formally possible. It is the
reason why we received on the Figs 4 and 5 bimodal distributions. Figs 6 and 7 explain this
situation in more details. These figures present the confidence levels on the plane (Ωm,0,ΩC,0)
(Fig. 6) and (ΩC,0, n) (Fig. 7) minimised over remaining model parameter.
Fig. 7 is more complicated than in the case of the model with ΩΛ = 0 (see Fig. 4 in
Ref. [42] where the maximum likelihood procedure suggests that n should be negative and
consequently Ωm,0 is greater than 0.3). Now we obtain also the possibility that n > 0 and
Ωm,0 > 0.3 as a result of presence both ΩC,0 and ΩΛ terms.
The density distribution for model parameters for the model with fixed Ωm,0 = 0.3 is
presented on Figs 8-10. Those figures confirmed that in this case the model is close to
ΛCDM model.
For the model with vanishing cosmological constant ΩΛ = 0 the errors of the model
parameters estimation is presented on Table IV. For this model, using the maximum likeli-
hood method, we obtained with the sample K6 that Ωm,0 = 0.52
+0.09
−0.09 and n = −3.33
+2.00 on
the confidence level 68.3%. In turn, for sample K3 we obtained that Ωm,0 = 0.48
+0.08
−0.13 and
n = −0.40+0.77
−1.24 on the confidence level 68.3%. With the new Riess et al. sample we obtain
Ωm,0 = 0.51
+0.04
−0.05 and n = −1.60
+0.74
−1.10 with the Silver sample, while with the Gold sample
Ωm,0 = 0.51
+0.04
−0.05 and n = −1.23
+0.73
−1.23. The best fit procedure also suggests that n should be
negative and consequently Ωm,0 is greater than 0.3.
One can see that that result obtained with maximum likelihood method, for Ωm,0 and
ΩC,0 are similar for all samples, however with new Riess et al.’s sample errors in parameter
estimation significantly decreased. Please note that with assumption that Λ = 0 the model
is equivalent to the Cardassian models. We confirmed our previous results [42] on the new
Riess et al.’s sample. The observations favour the high density universe with n negative.
On the other hand, if we assume Ωm,0 = 0.3 then n ≃ 0 which correspond to ΛCDM model,
like for scaling multifluids model with non vanishing Λ.
For the model with Ωm,0 = 0.3 we obtained for sample K6 n = −0.13 with σ(n) = 0.23. In
turn, for sample K3 we obtained n = −0.20, σ(n) = 0.17. With the new Riess et al. sample
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we obtained n = −0.07 with σ(n) = 0.10 for Silver sample, while n = −0.03, σ(n) = 0.10
for Gold sample. On can see that result obtained with both samples are similar but with
the Riess et al. sample errors in estimation of the parameters significantly decreased. These
results mean that if we assume Ωm,0 = 0.3 then n ≃ 0 which correspond to ΛCDM model.
In this way, it is crucial to determine which combination of parameters give the preferred
fit to data. This is the statistical problem of model selection [76]. The problem is usually
the elimination of parameters which play insufficient role in improving the fit data available.
Important role in this area plays especially the Akaike information criterion AIC [77]. This
criterion is defined as
AIC = −2 lnL+ 2k (43)
where L is the maximum likelihood and k is the number of the parameter of the model. The
best model is the model which minimises the AIC.
The Bayesian information criterion BIC introduced by Schwarz [78] is defined as:
BIC = −2 lnL+ d lnN (44)
where N is the number of data points used in the fit. While AIC tends to favour models with
large number of parameters, the BIC the more strongly penalises them, so BIC provides the
useful approximation to full evidence in the case of no prior on the set of model parameters
[79].
The effectiveness of using these criteria in the current cosmological applications has been
recently demonstrated by Liddle [76] Please note that both information criteria values have
no absolute sense and only the relative values between different models are physically inter-
esting. For the BIC a difference of 2 is treated as a positive evidence (6 as a strong evidence)
against the model with larger value of BIC [80, 81].
The AIC for the models under consideration is presented in the (Table V) while for BIC
in the (Table VI). The BIC information criterion do not show significant differences between
scaling multifluid model with vanishing Λ and ΛCDM model. The model which minimising
AIC is scaling multifluids model with the vanishing cosmological constant (equivalent to
the Cardassian model). It means that, from the statistical point of view, if we compare
scaling multifluid models with vanishing and non-vanishing Λ, the extra term with Λ does
not improve significantly the quality of the fit.
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Basing on AIC information criterion, it is clear that the scaling multifluid model with
vanishing Λ fits better to data then the ΛCDM model. However scaling multifluid model
with vanishing Λ indicate high density universe, with Ωm,0 ≃ 0.5 which seems to be too high
with comparison with present extragalactic data [4]. Scaling multifluid model with non-
vanishing Λ allow density of the universe Ωm,0 close to 0.3 (Fig.7) while ΛCDMmodel predict
Ωm,0 ≃ 0.3. It clearly shows that more precise measurements of Ωm,0 from independent
observations is necessary to final discriminate between the ΛCDM and scaling multifluid
models.
VIII. CONCLUSION
The Supernova Cosmology Project and the High–Z–Supernova Search reported of their
observations of type Ia supernovae and suggest that the expansion of the Universe is still
accelerating due to the presence of unknown form of matter called dark energy. For the
accelerating Universe the equation of state parameter w = p
ρ
for dark must satisfy w < −1
3
.
The cosmological constant Λ is arguable, but at the some time the simplest candidate for
this dark energy, although it is well known, that predictions for its value are many orders
of magnitude off from the observationally acceptable value. The introducing of Λ = Λ(a) or
quintessence is usually proposed as a possible solution to avoid the cosmological constant
problem.
In presented paper the idea of derivation the form of equation of state from symmetries
of self-similarity of the FRW dynamics is considered. We have shown that these symmetries
enforce appropriate equation of state used commonly in cosmology. The property of ho-
mology is very important in astrophysics, when main sequence in the Hertzsprung–Russell
diagram can be reconstructed from the invariants of homology transformations. Moreover
from the Stro¨mgren’s theorem, new solution of stellar structure equation can be obtained
from the known ones through the homologous transformation. The new solutions describe
new configurations with different masses, radius and chemical compositions (the so–called
homologous stars). For recently obtained results see [82, 83] where this problem is addressed
in the context of brane cosmology. We pointed out that our Universe is also homological
provided that it is filled by matter with the form of equation of state for noninteracting
mixture of fluids p = −Λ + C1ρ(a) + C2a
δ and ρ = Λ + ρ01a
−3(1+w) + ρ02a
δ + ρ03a
−3. This
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form is commonly used in cosmological considerations. The key idea of this work is deriva-
tion this form of the equation of state from the first principles. It is proposed to derivate
p = p(ρ) from postulate of self-similarity of its dynamics. This property is well known to
engineers who build ship models as a prototype of real ship. It is justified by the fact that
Navier-Stoke’s equation are invariant against similarity symmetries.
As a result we obtain the commonly used form of equation of state for mixture of nonin-
teracting, dust matter, dark energy (the cosmological constant) and cosmic time variation of
cosmological constant parameterised by the scale factor. Therefore subliminal role of math-
ematics can also be seen in cosmology when we are looking for adequate form of equation
of state for dark energy.
We showed that the model with scaling multifluids fits well the supernovae data. For
simplicity of presentation we demonstrate this for the case C1 = ρ01 = 0. Physically it
means that the Universe is filled generally by dust matter, cosmological constant fluid and
additional scaling fluid which comes from Cardassian modification of the FRW equation (or
equivalently it it is scaling fluid describing phantom fields for example).
For the scaling multifluids model with Λ 6= 0, we found that Ωm,0 ≃ 0.4 with n ≃ −1
which correspond to (hyper) phantom model. If we assume Ωm,0 = 0.3 from independent
extragalactic estimation, then ΩC,0 is small while value of n close to zero is favoured and
model becomes close to ΛCDM. With assumption that Λ = 0 the model is equivalent to
Cardassian models. We confirmed our previous results [42] on the new Riess sample. In
particular the observations favour high density Universe with n negative. Again, if we
assume Ωm,0 = 0.3 then n ≃ 0 which correspond to ΛCDM model.
¿From Fig. 1 can be seen the m-z relation for our model and ΛCDM one. We observed
that distant SNIa should be brighter (in our model) than in the ΛCDM model. What
is interesting that the Hubble diagram for the model under consideration intersects the
corresponding ΛCDM diagram. In such a way the supernovae on intermediate distant are
fainter then expected in ΛCDM model. This predictions could be tested with the future
supernovae data.
Our results demonstrate the existence of alternative model to ΛCDM model in explana-
tion SNIa data. Therefore it should be interesting to compare both models from the point
of view Akaike information criterion. Our result show that scaling multifluids model with
vanishing Λ significantly better fits data then ΛCDM model.
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FIG. 1: Riess Gold sample, M=15.935 Residuals (in mag) between the Einstein-de Sitter model
and four cases: the Einstein-de Sitter itself (zero line), the ΛCDM flat model (upper curve), the
best-fitted model (upper-middle curve), Ωm,0 = 0.43, ΩC,0 = 0.28, ΩΛ,0 = 0.29, n = −3.33, and
the best-fitted Λ = 0 model (lower-middle curve) Ωm,0 = 0.49, ΩC,0 = 0.51, n = −1.37.
Moreover the cosmological model filled by scaling fluid makes a step toward solving the
coincidence problem of the present value of dark matter and dark energy components [24].
To make the ultimate decision which model describes our Universe it is necessary to
obtain the precise value of Ωm,0 from independent observations because ΛCDM model and
scaling multifluid models predict different density of the Universe.
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TABLE I: Results of the statistical analysis of the model obtained both for the Knop et al. and
Riess et al. samples from the best fit with minimum χ2 (denoted with BF) and from the likelihood
method (denoted with L). The same analysis was repeated with fixed Ωm,0.
sample Ωm,0 ΩC,0 n ΩΛ,0 M χ
2 method
K6 0.64 0.58 -3.17 -0.22 -3.61 53.4 BF
0.38 0.64 -2.10 0.72 -3.53 — L
0.05 0.03 2.60 0.92 -3.53 55.1 BF
0.05 0.03 0.43 0.92 -3.51 — L
0.30 0.13 -3.33 0.57 -3.55 55.1 BF
0.30 0.00 0.00 0.70 -3.52 — L
K3 0.45 0.98 -0.47 -0.43 -3.49 60.3 BF
0.27 0.01 0.00 0.75 -3.47 — L
0.05 0.05 1.97 0.90 -3.48 60.4 BF
0.05 0.03 0.40 0.92 -3.46 — L
0.30 0.13 -2.23 0.57 -3.49 60.5 BF
0.30 0.00 0.00 0.69 -3.46 — L
Silver 0.44 0.32 -3.27 0.24 15.895 226.7 BF
0.46 0.40 -1.10 0.12 15.915 — L
0.05 0.07 1.77 0.88 15.935 229.4 BF
0.05 0.07 1.50 0.88 15.945 — L
0.30 0.10 -3.33 0.60 15.915 230.9 BF
0.30 0.09 0.00 0.61 15.945 — L
Gold 0.43 0.28 -3.33 0.29 15.905 172.1 BF
0.44 0.34 -0.90 0.20 15.935 — L
0.05 0.10 1.57 0.85 15.945 174.0 BF
0.05 0.09 1.30 0.86 15.945 — L
0.30 0.07 -3.33 0.63 15.925 175.2 BF
0.30 0.00 0.00 0.70 15.945 — L
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TABLE II: Results of the statistical analysis of the model with fixed ΩΛ,0 = 0 obtained both for
the Knop et al. and Riess et al. samples from the best fit with minimum χ2 (denoted with BF) and
from the likelihood method (denoted with L). The same analysis was repeated with fixed Ωm,0.
sample Ωm,0 ΩC,0 n ΩΛ,0 M χ
2 method
K6 0.54 0.46 -3.33 0. -3.60 53.5 BF
0.52 0.48 -3.33 0. -3.55 — L
0.05 0.95 0.33 0. -3.51 56.3 BF
0.05 0.95 0.30 0. -3.51 — L
0.30 0.70 -0.10 0. -3.52 55.6 BF
0.30 0.70 -0.13 0. -3.53 — L
K3 0.42 0.58 -0.77 0. -3.49 60.3 BF
0.48 0.52 -0.40 0. -3.49 — L
0.05 0.95 0.30 0. -3.46 61.5 BF
0.05 0.95 0.30 0. -3.46 — L
0.30 0.70 -0.13 0. -3.47 60.6 BF
0.30 0.70 -0.17 0. -3.48 — L
Silver 0.50 0.50 -1.73 0. 15.905 227.1 BF
0.51 0.49 -1.60 0. 15.905 — L
0.05 0.95 0.40 0. 15.975 239.3 BF
0.05 0.95 0.40 0. 15.965 — L
0.30 0.70 -0.07 0. 15.945 232.3 BF
0.30 0.70 -0.07 0. 15.945 — L
Gold 0.49 0.51 -1.37 0. 15.915 172.5 BF
0.51 0.49 -1.23 0. 15.915 — L
0.05 0.95 0.43 0. 15.975 180.8 BF
0.05 0.95 0.43 0. 15.975 — L
0.30 0.70 -0.03 0. 15.945 175.9 BF
0.30 0.70 -0.03 0. 15.945 — L
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TABLE III: Model parameter values obtained from the minimisation procedure carried out with
the Knop et al. and Riess et al. samples.
sample Ωm,0 ΩC,0 ΩΛ,0 n
K6 0.38+0.32
−0.18 0.64
+0.36
−0.48 0.72
+0.30
−0.32 −2.10
+1.63
−1.23
0.05 0.03+0.38
−0.76 0.92
+0.76
−0.38 0.43
+0.97
−2.00
0.3 0.00+0.38
−0.23 0.70
+0.23
−0.38 0.00
+0.58
−1.70
K3 0.27+0.20
−0.13 0.01
+0.63
−0.38 0.75
+0.38
−0.70 0.00
+0.93
−1.56
0.05 0.03+0.38
−0.76 0.92
+0.76
−0.38 0.40
+0.96
−1.90
0.3 0.00+0.38
−0.20 0.69
+0.21
−0.37 0.00
+0.50
−1.60
Silver 0.46+0.10
−0.08 0.40
+0.34
−0.22 0.12
+0.30
−0.44 −1.10
+0.50
−1.75
0.05 0.07+0.09
−0.04 0.88
+0.04
−0.09 1.50
+0.40
−0.47
0.3 0.09+0.17
−0.20 0.61
+0.20
−0.17 0.00
+0.36
−1.20
Gold 0.44+0.11
−0.11 0.34
+0.39
−0.33 0.20
+0.55
−0.47 −0.90
+0.60
−1.90
0.05 0.09+0.15
−0.05 0.86
+0.05
−0.15 1.30
+0.43
−0.47
0.3 0.00+0.26
−0.17 0.70
+0.17
−0.26 0.00
+0.50
−1.60
TABLE IV: Model parameter values obtained from the minimisation procedure carried out on the
Knop and Riess samples. Model with fixed ΩΛ,0 = 0.
sample Ωm,0 ΩC,0 ΩΛ,0 n
K6 0.52+0.09
−0.09 0.48
+0.09
−0.09 0. −3.33
+2.00
−0.00
K3 0.48+0.08
−0.13 0.52
+0.13
−0.08 0. −0.40
+0.77
−1.24
Silver 0.51+0.04
−0.05 0.49
+0.05
−0.04 0. −1.60
+0.74
−1.10
Gold 0.51+0.04
−0.05 0.49
+0.05
−0.04 0. −1.23
+0.73
−1.23
TABLE V: The Akaike information criterion (AIC) for models: ΛCDM model (ΛCDM), Cardassian
and Scaling Multifluids.
sample ΛCDM Cardassian Scaling Multifluids
K6 59.8 59.5 61.4
K3 64.3 66.3 68.3
Silver 236.6 233.1 234.7
Gold 179.9 178.5 180.1
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FIG. 2: The density distribution for Ωm,0. We obtain that Ωm,0 = 0.44
+0.11
−0.11 on the confidence level
68.3% (the inner dash lines). Additionally the confidence level 95.4% is marked (the outer dash
lines).
FIG. 3: The density distribution for ΩC,0. We obtain that ΩC,0 = 0.34
+0.39
−0.33 on the confidence level
68.3% (the inner dash lines). Both positive and negative values of ΩC,0 are formally possible.
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TABLE VI: The Bayesian information criterion (BIC) for models: ΛCDM model (ΛCDM), Car-
dassian and Scaling Multifluids.
sample ΛCDM Cardassian Scaling Multifluids
K6 63.8 65.5 69.4
K3 68.3 72.3 76.3
Silver 243.0 242.8 247.6
Gold 186.0 186.7 196.3
FIG. 4: The density distribution for n. We obtain that n = −0.90+0.60
−1.90 on the confidence level
68.3% (the inner dash lines). Additionally the confidence level 95.4% is marked (the outer dash
lines). Both positive and negative values of n are formally possible.
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FIG. 5: The density distribution for ΩΛ,0. We obtain that ΩΛ,0 = 0.20
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68.3% (the inner dash lines). Additionally the confidence level 95.4% is marked (the outer dash
lines).
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